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THE HERMITE-SYLVESTER CRITERION FOR REAL-ROOTED
POLYNOMIALS
MELVYN B. NATHANSON
Abstract. A polynomial is real-rooted if all of its roots are real. This note
gives a simple proof of the Hermite-Sylvester theorem that a polynomial f(x) ∈
R[x] is real-rooted if and only if an associated quadratic form is positive semi-
definite.
A polynomial is real-rooted if all of its roots are real. Hermite and Sylvester [1]
proved that a polynomial f(x) ∈ R[x] is real-rooted if and only if a certain quadratic
form is positive semidefinite. Here is a short proof of the Hermite-Sylvester theorem
that uses only Lagrange interpolation.
The quadratic form associated with a real n× n matrix H =
(
hi,j
)
is
Q = Q(x1, . . . , xn) =
n∑
i=1
n∑
j=1
hi,jxixj .
This form is positive semidefinite if Q(x1, . . . , xn) ≥ 0 for all vectors
(
x1
...
xn
)
∈ Rn.
Let f(x) be a polynomial of degree n, and let λ1, . . . , λn be the (not necessarily
distinct) roots of f(x). Define the kth power sum
mk = mk(λ1, . . . , λn) =
n∑
ℓ=1
λkℓ .
Newton’s identities [2] enable the efficient computation of the numbers mk from
the coefficients of f(x). The Hermite matrix constructed from the polynomial f(x)
is the n× n matrix
Hf =


m0 m1 m2 · · · mn−1
m1 m2 m3 · · · mn
m2 m3 m4 · · · mn+1
...
...
mn−1 mn mn+1 · · · m2n−2

 =
(
hi,j
)
where hi,j = mi+j−2 for all i, j ∈ {1, . . . , n}.
Let λ denote the complex conjugate of the complex number λ.
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Lemma 1. Let Λ be a nonempty finite set of r complex numbers that is closed
under complex conjugation, that is,
Λ =
{
λ : λ ∈ Λ
}
.
Let
p(t) =
r−1∑
j=0
cjt
j ∈ C[t]
be a polynomial of degree at most r − 1. If
(1) p(λ) = p(λ)
for all λ ∈ Λ, then p(t) ∈ R[t].
Proof. We use the fact that if polynomials p(t) ∈ C[t] and q(t) ∈ C[t] have degrees
at most r − 1, and if p(λ) = q(λ) for all λ in a set of size r, then p(t) = q(t). Let
q(t) =
r−1∑
j=0
cj t
j .
For all λ ∈ C, we have λ = λ. For all λ ∈ Λ, we have λ ∈ Λ, and so
p(λ) = p
(
λ
)
= p
(
λ
)
=
r−1∑
j=0
cjλ
j
=
r−1∑
j=0
cjλ
j
=
r−1∑
j=0
cjλ
j = q(λ).
Therefore, p(t) = q(t), and so, for all j ∈ {0, 1, . . . , r− 1}, we have cj = cj ∈ R and
p(t) ∈ R[t]. This completes the proof. 
Lemma 2. Let Λ = {λ1, λ2, λ3, . . . , λr} be a nonempty finite set of r complex
numbers that is closed under complex conjugation. Suppose that λ1 ∈ Λ is not real,
and that λ2 = λ1 ∈ Λ. There exists a polynomial p(t) ∈ R[t] of degree at most r− 1
such that
(2) p(λ1) = i, p(λ2) = −i
and
(3) p(λj) = 0 for all j ∈ {3, 4, . . . , r}.
Proof. By Lagrange interpolation, there exists a polynomial p(t) ∈ C[t] of degree
at most r − 1 that satisfies (2) and (3). We have
p
(
λ1
)
= p(λ2) = −i = i = p(λ1).
and
p
(
λ2
)
= p(λ1) = i = −i = p(λ2).
Also, p
(
λj
)
= 0 = p(λj) for all j ∈ {3, 4, . . . , r}. It follows from Lemma 1 that
p(t) ∈ R[t]. This completes the proof. 
Theorem 1 (Hermite-Sylvester). The nonconstant polynomial f(x) ∈ R[x] is real-
rooted if and only if the quadratic form Qf constructed from the Hermite matrix
Hf is positive semidefinite.
THE HERMITE-SYLVESTER CRITERION FOR REAL-ROOTED POLYNOMIALS 3
Proof. Let f(x) ∈ R[x] be a polynomial of degree n ≥ 1, and let Λ be the set of
distinct roots of f(x). We have |Λ| = r ≤ n. Let Λ = {λ1, λ2, . . . , λr}. Because
f(x) has real coefficients, the set Λ is closed under conjugation.
Extend the sequence λ1, λ2, . . . , λr of r distinct roots of f(x) to the sequence
λ1, . . . , λr, λr+1, . . . , λn of n roots of f(x) with multiplicity. Thus, for j ∈ {1, . . . , r},
the root λj with multiplicity µj appears µj times in this sequence.
Let Hf =
(
hi,j
)
be the Hermite matrix constructed from the polynomial f(x),
and let Qf be the quadratic form constructed from Hf . For
(
x1
...
xn
)
∈ Rn, we have
Qf(x1, . . . , xn) =
n∑
i=1
n∑
j=1
hi,jxixj =
n∑
i=1
n∑
j=1
mi+j−2xixj
=
n∑
i=1
n∑
j=1
n∑
ℓ=1
λ
i+j−2
ℓ xixj =
n∑
ℓ=1
(
n∑
i=1
xiλ
i−1
ℓ
)
 n∑
j=1
xjλ
j−1
ℓ


=
n∑
ℓ=1

 n∑
j=1
xjλ
j−1
ℓ


2
=
n∑
ℓ=1
p (λℓ)
2
where
p(t) =
n∑
j=1
xjt
j−1 ∈ R[t].
If f(x) is real-rooted, then λℓ ∈ R for all ℓ ∈ {1, . . . , n}, and so the sum p (λℓ) =∑n
j=1 xjλ
j−1
ℓ is real and p (λℓ)
2 ≥ 0. Thus, if f(x) is real-rooted, thenQf (x1, . . . , xn) ≥
0 and the quadratic form Qf is positive semidefinite.
Suppose that f(x) is not real-rooted. In this case, the set Λ contains a complex
number that is not real, and Λ also contains its complex conjugate. We can assume
that λ1 ∈ Λ is not real and that λ2 = λ1. Note that µ1 ≥ 1 is the multiplicity of
the root λ1, and that µ1 is also the multiplicity of the root λ2. By Lemma 2, there
exists a polynomial p(t) ∈ R[t] of degree d− 1 ≤ r − 1 such that
p(λ1) = i, p(λ2) = −i
and
p(λℓ) = 0 for ℓ = 3, . . . , r.
Because r − 1 ≤ n− 1, we can write p(t) =
∑n
j=1 xjt
j−1, where x =
(
x1
...
xn
)
∈ Rn.
Note that xj = 0 for j = d+ 1, . . . , n. We obtain
Qf (x1, . . . , xn) =
n∑
ℓ=1

 n∑
j=1
xjλ
j−1
ℓ


2
=
n∑
ℓ=1
p(λℓ)
2
= µ1p(λ1)
2 + µ1p(λ2)
2 = µ1i
2 + µ1(−i)
2
= −2µ1 < 0.
Thus, if f(x) is not real-rooted, then the quadratic form Qf is not positive semi-
definite. This completes the proof. 
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